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Abstract. 


In the present work, we investigate a uniqueness of solution of the inverse source 
problem with non-local conditions for mixed parabolic-hyperbolic type equation with 
Caputo fractional derivative. Solution of the problem we represent as bi-orthogonal 
series with respect to space variable and will get fractional order differential equations 
with respect to time-variable. Using boundary and gluing conditions, we deduce system 
of algebraic equations regarding unknown constants and imposing condition to the 
determinant of this system, we prove a uniqueness of considered problem. Moreover, 
we hnd some non-trivial solutions of the problem in case, when imposed conditions are 
not fulhlled. 

1 Formulation of a problem 

Consider an equation 



t > 0 


( 1 . 1 ) 


t < 0 


in a rectangular domain Q = : 0 < x < 1, —p < t < q}. Here a, /3,p, q G M. such 

that 0<a;<l, l<,d<2, f(x) is unknown function. 




are Caputo fractional differential operators [1, 92 p., form. (2.4.16)]. 

Problem. Find a pair of functions {u{x,t), f{x)) in a domain satisfying 
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i) regularity conditions u{x, t) E C (fi) , u^xix, t) E U ), cDq^u E C (fl’*'), 

cflfo“eC(f!-),/(i)eC(0,i); 


ii) equation (1.1) in ; 

iii) boundary conditions 


u{0,t) = Ux{0,t) = 0, —p <t<q, 


( 1 , 2 ) 


u{x, —p) = 0, u{x, q) = 0, 0 < a: < 1, 


(1,3) 


iv) and transmitting condition 


lim cDZu(x,t) 

t^+O ui V w 


lim 

t — y —0 


du{x, t) 


0 < X < 1, 


(1.4) 


where = hi fl {t > 0}, hi = hi fl {t < 0}. 

Solution of this problem we represent as follows: 


OD OD 

u{x, t) = Vo(f) + E COS ^IvTTx “h ^ ^ ‘ ^ siii 2/n7rx, t ^ 0, (1.5) 

k=l k=l 


oo oo 

u{x, t) = Wo{t) + Wikjt) cos2/i;7rx + W 2 kit) ■ xsm2kTTX, f < 0, (1.6) 

k=l k=l 


oo oo 

f{x) = fo + E /ifc cos 2k7ix + f 2 k ■ X sin 2knx, (1.7) 

^=1 ^=1 
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where 


Vo(t) = 2 / u{x, t){l — x) dx, t >0, 


Vik{t) = 4: / u{x,t){l — x) cos2k7rx dx, t > 0, 


V 2 k{t) = 4: / u{x,t) sm2k7rx dx, t > 0, 


Wo{t) = 2 u{x, t){l — x) dx, t < 0, 


hhifc(t) = 4 / u{x,t){l — x) cos2kTTX dx, t < 0, 


W 2 k(t) = 4 / u{x,t) sm2knx dx, t < 0, 


/o = 2 / /(x)(l - x)dx, 


fik=4 / f{x){l — x)cos2k7rxdx, 


/ 2 fc = 4 / f{x) sm2k7rx dx. 


( 1 , 8 ) 


Detailed explanation of this representation can be found in [2, p.62], which is based 
on [3,4], 

We would like note some works [5-7], where local and non-local inverse source prob¬ 
lems for time-fractional diffusion and diffusion-wave equations were studied. Especially, 
work by M.Kirane and S.A.Malik [8], where similar non-local conditions were in use. 

Based on (1.8), we introduce similar functions with small shift into to the interior of 
the considered domain. Then applying appropriate Caputo fractional operators, after 
integrating by parts, we deduce 


cDQi,Vo{t) — fo, t > 0, (1.9) 

cDfoWo(f) = fo, t < 0, (1-10) 

cDf^Vikit) + {2k'KfVik{f) = fik + 4kW2k{t), t > 0, (1.11) 

cD^^Wikit) + {2knyW,k{t) = fik + 4kTiW2k{t), t < 0, (1.12) 
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cDQ^V2k{t) + (2A:7r)^V2A:(0 — /2fc, ^ > 0, (1-13) 

cD^toW2k{t) + {2kTlfW2k{t) = f2k, t < 0. (1.14) 

General solutions of (1.9) and (1.13) can be written as [1, p.231, form. (4.1.66)] 


ro(i) 


V(,(0) + 


/o 


r(Q; + 1) 


V2k{t) = V 2 k{ 0 )E^,, {-{2k7lfr) + / 2 fcr^a,a+l {-{2k7T)H^) , 
respectively. Here 

OO ^ 

= + “./SX) 

is the Mittag-Leffler function of two parameters [9, p.l7]. 

General solution of equation (1.11) we write as 


Gifc(t) = Hifc(0)^,,i {-{2k7rfE) + hk ■ • K,a+i (-(2A;7r)'f“) + 


+ 4A:7r ■ H2fc(0) ■ r ■ 

+ Akn-f2k-t^^-Ei ( 


yCV "t“ 1, CV, CfeJ 1, Ij 1, 1 
1 , 1 ; 1,1 

2a + 1, a, a; 1,1; 1,1 


I — (2A:7r)^f"\ 
I — (2A:7r)^t“y 

— (2A;7r)^f"\ 

— (2A;7r)^f“y 


(1.15) 

(1.16) 


(1.17) 


Based on [1, p.232, form. (4.1.74)], general solution of (1.10) we write as 

W„(t) = H/„(0) - rtV'(O) + —(1,18) 

Similarly, we can write general solution of (1.14) as follows 

H'k(i) = W''2t(0)Ee,i (-(2kii)\-(f) - i»'-4(0)Ee,2 (-(2kii)\-tf) + 

+ Mi-t'f{-{ 2 kwf{-t'f) . 


General solution of (1.12) has a form 


W,k{t) = W,k{0)Ef}^, [-{2kTi)\-tf) -tW^k\^)Ep,2 {-{2kTif{-tY) + 
+ fik • (2A:7r) (—t)^^ + 


+ 4/c7r • W2fc(0) • 


[-tfE, { 


11-11 
■^1 -^1 


\/3 + l,/3,f3;l,l;l,l 




{2k7T)\-tf\ 

hkTif\-tf) 

- {2kTif{-tf\ 

- \2kTif \-tf) 


+ 4/c7r ■ f2k ■ El 


V2/3 + l,/3,/^;l,l;l,l 


- {2kTTf{-tf\ 

- {2kn)\-tfJ ’ 


( 1 . 20 ) 
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Here 


El 


7i,ai;72,A \x 

Si,a2,(32',S2,a3]S3,(53 \y 


E 


( 71 ) aim ( 72)7 


in 


X 


r((5i + 02^ +/32n) T{S2 + a3m) T{S3 + /33n) 


is the Mittag-Leffler type function in two variables, introduced by Garg et al in [10, 
form. (11)]. 

Now, using conditions (1.2)-(1.4) we find unknown constants fo,fik,f 2 k, 
Vo{0),Vi,{0),V2k{0), Wo{0),Wik{0),W2k{0),WM,WikiO),W',{0). 

Found solutions we substitute into the condition (1.3) and deduce 


Wo{0)+pWo'{0) + 


fo 


r(/5 + i) 


p 




( 1 . 21 ) 


Wik{O)E 0 ,i (-(2A;7r)V) +pWX{ 0 )E ^,2 (-(2fc7r)V) +(-(2A;7r)V) + 


4A;7r • fF2fc(0) • 
4A;7r-fF2fc'(0)-/+'^i 
4A:7r • /a*, ■ p^^ Ei 


1 , 1 ; 1,1 


(2A;7r)^p4 


/5 +l,/3,/3;l,l;l,l | - (2/c7r) V 

— (2A:7r)^p4 


+ 


11-11 


/3 + 2,/3,/3;l,l;l,l |-(2A;7r)V 


+ 


1 , 1 ; 1,1 


— {2kTt)^ p^ 


2/3 + l,/3,/3;l,l;l,l |-(2A;7r)V 


= 0 , 


W2k{^)Ep^i (-(2fc7r)V) +pW2k\^)Ep^2 (-(2fc7r)V) + 

+ /2fc/^/3,/3+i (-(2A;7r) V) = 0, 


fh(0) + 

n 2. 


/o 


-g“ = 0, 


r (q; + 1) 

Gifc(0)^„,i {-{2kTtfq^) + {-{2kTtfq^) + 

+ 4it7r ■ y2fc(0) ■ |-(2/c7r)g' 

+ 4/c7r ■ f2k • 


11-11 

±, ±, ±, ± I ^- 

a + 1, a, a; 1,1; 1,1 | — (2A:7r) 


11-11 


— (2/c7r)^q'' 

\2 q: 


= 0 , 


+ 1, a, a; 1,1; 1,1 | — {2kTt) q'^ 
V 2 k{^)E^^ {-{2kTtfq^) + / 2 fcg“^a,a+i (-(2A;7r)'g“) = 0. 
Considering n(a;,+0) = M(a;, —0), which follows from u{x,t) G C (C), we get 

Go(0) = fHo(O), Hifc(O) = fFifc(O), ^2^(0) = lH2fc(0). 

Based on (1.9), (1.11), (1-13), we deduce 

= fo, 

ym = /,t + 4kW2i(0) - (2knfVa (0), 

ym cr'Snt(() = ht - (2fa)V2i(o). 


( 1 . 22 ) 

( 1 . 23 ) 

( 1 . 24 ) 


( 1 . 25 ) 

( 1 . 26 ) 

( 1 . 27 ) 


( 1 . 28 ) 
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Now we calculate and One can easily deduce that 

5 (^in(t) = in(0) + ^Hr'. (r29) 

From (1.19) we find 

(-(2fcjr)"(-«)'') + 

+ (-( 2 fa)"(-«)'’)) + 

+ (-(2i-7rn-tf)) . 

We use formula of differentiation (see [9], p.21, form. (1.82)) 

(At“)) = ((\n , 


where rlDq^{-) is the Riemann-Liouville fractional derivative of order 7 [1], = 

,p, 

-^Ea^l 3 {t). After some evaluations we deduce 

^7^H'W(*) = -»k.(0)(2*:ir)"(-i)'’-‘£;j,,^ (-(2*:ir)"(-t)'’) + 

+ WiMEf,., (-(2knn-tf) + 

+ f2k{-tf~^Efi^p [-{2kTif{-tf) . 

By similar way, using the following formula (see [10], form. (33)) 


RL 


ax 



af^-^Ei 


7i,q;i;72,/3i |«;i(a; - a)"^ \ 1 

(5i,Q;2,/52;52,tt3,h3,/33 \w2{x - )j 


(x - ay^-'^-^Ei 


7i,ai;72,/3i |tci(a; - a)"^ \ 

(5i - 7 , a 2 , h, ^ 2 , 03 ; ^ 3 , /33 1 ^ 2 ( 2 ^ - a)^" ) ’ 


we deduce 
d 


Wikit) = -{2knfWikm-tf~^E^,p (_(2A;7r)2(-f)/') + 


d{—t) 

+ W[ 

+ AknW2km-tr-^E, 


+ fF(,( 0 )F;^,i ^-(2knY{-tf) + (_(2A:7r)2(-t)/^) + 

/3-ip f 1,1; 1,1 I - (2A;7r)'(-f)^^ 


\ - {2k7r) {-t) 

\2/3, /?, 13] 1 , 1 ; 1,1 I - {2k7r) {-ty 


+ 


(1.31) 


- {2k7r) {-ty 

2 / ^n/3 I + 
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From (1.29)-(1.31) we get 

hm -J-^W„(t) = W''(0), hni = W"^(0), \hn-^W^dt) = H^i(O), 


Considering (1.28) and (1.32) we have 


t-i —0 d{—t) 


fo = W'{0), 

hk + 4A:7rC2fc(0) - (2A:7r)Vifc(O) = 1F{,(0), 
/ 2 fc - (2A:7r)V2fc(0) = VF 4 ( 0 ). 


(1.32) 


(1.33) 


From (1.21), (1.24) and first relations of (1.27), (1.33) we get the following system of 
equations 


ph 


r(/5 + i) 


VFo(O) + 

^o(O) + 

1 (a + 1 ) 

IA = iq(o). 


+phv,;(o) = o, 


»^( 0 ) = 0 , 


(1.34) 


If 


then we hnd that 


Ao = p 


pi- 


F(/3 + l) F(a + 1) 


^ 0 , 


/o = IF'( 0 ) = Co( 0 ) = IFo( 0 )= 0 . 


(1.35) 


(1.36) 


Now from (1.22), (1.23), (1.25), (1.26) and last two relations of (1.27), (1.33), we 
obtain another system of equations 

{ fik = W[M + {2kTifW^u{^) - 4A;7rW^2fc(0), 

/ 2 fc = W" 4 ( 0 ) + (2A;7r)2lF2fc(0), 

W"2fc(0) + IF4(0) (-( 2 A: 7 r)V) +pEp,2 (-( 2 A; 7 r)V)] = 0, 

W"2fc(0) + IF4(0)g“F;«,„+i {-Clknfq’^) = 0, 

Wim + IF(,( 0 ) (-(2fc7r)V) +pi?/3,2 (-(2fc7r)V)] = 0 , 

[ mfc(O) + IF(,(0)g“F;„,„+i {-Clknfq^) = 0. 


(1.37) 


Further, assuming 

Afc = (-(2A:7r)V) +7»^/3,2 (-(2A:7r)V) (-(2A:7r)^g") ^ 0, (1.38) 


we get 


Cifc(O) = I/2 a( 0) = IFifc(O) = IF2fc(0) = W"(,(0) = W^4(0) = hk = f2k = 0. (1.39) 
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If conditions (1.35), (1.38) hold, then based on (1.5)-(1.7), due to (1.36), (1.39) we 
have 


1 1 

J u{x,t){l — x) dx = 0, j u{x^t) sm.2kT^x dx = Q, 

0 0 
1 1 

j u{x,t){l — x) cos2k'Kxdx = Q, j f{x){l — x)dx = Q, 

0 0 
1 1 

f f{x) sin 2k7rx dx = 0, f f{x){l — x) cos 2knx dx = k = 1, 2,... 


According to the completeness of the system {1, cos2A:7ra;, a:sin2/c7ra;} in L2[0 ,l], 
we can state that u{x, f) = 0 a.e. in [0,1] for t G [—p, g] and f{x) = 0 a.e. in [0,1]. 
Now we formulated above obtained result as the following 


Theorem 1.1. If conditions (1.35), (1.38) hold, then problem has only trivial solution. 


2 Nontrivial solutions of the problem 

We consider case, when conditions (1.35), (1.38) are not fulfilled. Let Aq = 0 for some 
p, q. Then problem has nontrivial solution of the form 


u{x,t) = uo{t), f{x) = fo, 


( 2 . 1 ) 


here 


Uo{t) 


- g“ 

r(Q: + 1) 


fo, t > 0, 


(—f)^ — p^ 

. r(/3 + i) 


— t — p 


fo, t < 0, 


/o 7 ^ 0 is arbitrary constant. 

If Afc = 0 for k = m E N, i.e. Am = 0, then considered problem has nontrivial 
solutions of the form 


Um{x,t) 


Vim(t) cos2m'Kx + V2m{t)xsm.2m'Kx, t >0, 
Wim(t) cos 2m7rx + W 2 m{t)x sin 2m7rx, t < 0, 


( 2 , 2 ) 


Ux) = {B„.i {-( 2 m'K)Y) i'r;„(o)+ 
+4/c7rg“£'a,o+i (—(2m7r)^g“) W)m{^)} cos2mnx+ 
+ (—(2m7r)^g") IT2^(0)xsin2m7ra;, 


(2.3) 
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where 


Vim(t) = WUO) (-(2m7r)2g“) - (-(2m7r)2g“) x 

- xEa,i {-{2m7rfE)} + AknEW^^iO) {g“(-(2m7r)^g“) x 

1,1; 1,1 |-(2A:7r)V ^ 


X 


-E'oa+i (~(2m7r)^t“) — i?! 1 . .2 

’ ^ ' a + 1, a, a; 1,1; 1,1 | — (2A:7r) f 


+ 


+eE^^i (-(2m7r)2g“) E^ 


1,1; 1,1 \-{2k7rfE 

2a + 1, a, a; 1,1; 1,1 | — {2kTt)^E 


V 2 m{t) = [rE^^a^+i (-(2m7r)^t") Ea,i (-(2m7r)^g") - 
-g“£;«,„+i (-(2m7r)2g“) {-{2m7rfE)} W^O), 


= {{-tfEa,i (-(2m7r)^g“) £^/ 3 ,/ 3 +i {-{2mnf{-tf) - 
(-(2m7r)2g“) Ef,^, (-(2m7r)2(-t)^) } Vh{^(0) + 

+ Ak7T{-t)^W2m{0) {q°‘Ea,a+i (-(2m7r)^g“) x 


X 


£^/3,/3+i (-(2m7r)^(-t)^) - E^ 


V/? + l,/?,Al,l;l,l 


- {2kTtf{-tf\ 

- {2kTtf{-tf) 


f 1,1; 1,1 j-(2k7rf(-ty\ 

V/5 + 2,/3,/?;!,!; 1,1 j - (2k7rf(-tyJ 


+ (-tfE^,, (-(2m7r)Y) 


V2/3 + l,/?,/3;l,l;l,l 


- (2k7rf(-ty\ 1 

- (2k7rf(-tyJ j 


lV 2 m(t) = {(-t)^Ea,i (-(2m7r)^g“) £^/3,/3+i (-(2m7r)^(-t)^) - 

- g“^a,„+i (-(2m7r)2g“) £^^ 3,1 (-(2m7r)2(-t)^)- tE^^2 (-(2m7ry(-t)^)} W2^(0). 

Here IHim(O), lH2m(0) are arbitrary non-zero constants. 


Remark 1. If conditions (1.35), (1.38) are not fulfilled, there exist nontrivial solutions 
of the considered problem and they have form (2.1) or (2.2)-(2.3). 
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